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Sets? I learned it in high school!

 Ways to describe a set. 

 Classification of sets: Empty set, finite sets, infinite sets,…

 Frequently used sets: natural number set, integer set, real number set, …

 Subsets and proper subsets.

 Operations: union, intersection, complement.

 Formulas like 

 Counting of subsets.

What else can you teach me?



But have you ever thought of this fundamental question:

What is a SET?
 “As my high school math teacher said, a set is just a collection of objects. ”

 Really? Don’t you realize you have run into great trouble!

 Russell Paradox:

Define a set                  . Is it true that           ?

 If         , then by definition of S, we must have          . Contradiction!

 If         , then by definition of S, we must have    . Contradiction!



Similar Paradoxes
 Liar Paradox: This statement is wrong.

 If it is wrong, then it is right; if it is right, then it is wrong.

 Barber’s Paradox: A barber shaves, and only shaves, all people who do not 
shave themselves. Does he shave himself?
 {p|Barber shaves p}={p|p does not shave himself}

 If Barber belongs to the above set, he does not belong there; but if he does not, he does.

 Unexpected Hanging Paradox: A prisoner is sentenced to death and his execution 
is scheduled in the next week. The precise date of the execution is such that 
it should not be known before the day of execution itself.

D={d| if the execution is on day d, then it is not known before day d}
But what days belong to D?
• Saturday, the last day of the week, clearly does not belong to D.
• Given that we can exclude Saturday from consideration, Friday becomes 

the last possible day, and thus it does not belong to D…
• Keep going this way, we can exclude all days of the week!
• Does that mean we can always know what day is the execution day in 

advance? 



Where does the trouble come from?

 With respect to the semantics, the main problem of the above paradoxes is that 
they kind of refer to themselves. 
 So you might want to restrict the use of self references if you want no trouble.

 With respect to sets, the main problem comes from “Comprehension Principle.”

Comprehension Principle
You can pick an arbitrary 
property p, and define a set S of 
objects having property p, i.e., 
S={x|p(x)}.

• To avoid paradoxes, mathematicians call things defined this way 
classes in stead of sets. 

• Some classes are sets, but others are not.
• Of course, all sets are classes.
• For formal definitions, refer to axiomatic set theory books. 



Class vs. Set

 Hence,                    is just a class, NOT a set. 

 So you can’t ask whether S belongs to itself, because there is no class 
of classes.

 A class consists of objects, which could be sets, but not classes in general.

 Such classes are sometimes called proper classes.  

 Next time, when you define a set, be careful and make sure it is indeed a 
set, not a proper class.



Another Requirement

 There is also an additional requirement on sets: A non-empty set must 
contain an element disjoint from itself. 

 Formally,  

 This helps us to rule out many strange “sets”- they are not sets, but 
proper classes.

 Examples:

 {{{…}}} is not a set.

 There are no sets A and B such that                      (Why?)



No Infinite Descent of Belonging-to

 Exercise:



No Infinite Descent of Belonging-to

 Implication: Think of all kinds of “sets” that have been disallowed!



Set Operations

 Suppose we are good with the definition of set. What kind of operations do 
we have on sets?

 We learned complement, union, intersection, …  in high school.

 A few new operations: set difference, Cartesian product, power set.

 Set difference: 

 Set difference is like subtraction of numbers, being neither commutative, 
nor associative. (Why not?)

 Example: Is set difference really like subtraction of numbers? For all sets 
A, B, C, do we have A\(B ∪ C)=(A\B)∪(A\C) ?

BA\B



Set Operations

 Answer: Obviously no. Consider, e.g., A={1,2,3}, B={1}, C={2}. Then A\(B ∪ 
C)={3}, but (A\B)∪(A\C) ={1,2,3}.

 The correct formula is:  



Set Operations

 The Cartesian product of two sets X and Y is simply the set of ordered pairs 
where the first element of each pair comes from X, and the second element 
from Y.

 Example 1: X={1,2}, Y={2,3,4}, X×Y={(1,2),(1,3),(1,4),(2,2),(2,3),(2,4)}. 

 Example 2: The plane of Euclidean coordinates is the Cartesian product of 
two number axes, or the square of a number axis. We write            .

 Side note: What is an ordered pair? In modern mathematics, we can actually 
define it as



Set Operations

 Modern mathematics is built upon set theory. 

 Almost everything in math can be viewed as a set.

 Intuitively, it is a set of two elements. 

 One element describes the two components of the pair, and the other 
specifies which component goes first.

 There is no ambiguity, because one element is a set and the other element is 
also its element. 

 The advantage of such a definition is that we can thus eliminate informal 
description like “ordered.”



Set Operations

 We can extend the operation of Cartesian product to any number of sets. The 
Cartesian product of n sets is just the set of n-tuples where the kth 
component comes from the kth set. 

 Clearly this operation is NOT commutative, but it is associative.(Why?)

 Note that the formal definition of ordered pairs is not naturally extensible 
to n-tuples.(Why not?) That’s part of the reason why we do not always treat 
everything in the most formal way.

 Similar to squares of a set, we also have the nth power of a set, which is the 
Cartesian product of n copies of that set.(We’ll revisit this in the future.)

 Example:          is the set of n-bit strings.

 Operating on infinitely many sets is also possible, but we temporarily put it 
aside.



Tuple and Relation

 A set of ordered pairs is called a (binary) relation. 

 Example: X={1,2}, Y={2,3}, X×Y={(1,2), (1,3), (2,2), (2,3)}. Binary 
relation {(1,2), (2,3), (1,3)} is a subset of X×Y.

 If both components of the ordered pairs come from the same set X, then we say 
it is a relation on X.

 Example: X={1,2}. Then, {(1,2), (2,3), (1,3)} is a relation on X.

 A set of n-tuples is called an n-ary relation.

 Example 1: binary relation {(1,2), (2,3), (1,3)}.

 Example 2: {(1,2,3,4,3), (2,3,5,1,1)} is also a relation.

 In most cases, we consider binary relations only, and just call them 
relations.



Properties of Relation

 Suppose R is a relation on X. R is reflexive if for any a∈X, (a,a)∈R.

 Suppose R is a relation on X. R is symmetric if (a,b)∈R→(b,a)∈R.

 Suppose R is a relation on X. R is antisymmetric if (a,b)∈R∧(b,a)∈R →a=b.

 Suppose R is a relation on X. R is strongly antisymmetric if

 Example: Construct a relation on set {1,2,3} that is
 Reflexive but not symmetric.

 Not reflexive but symmetric.

 Reflexive and antisymmetric, but not strongly antisymmetric.

 Can a reflexive relation be strongly antisymmetric?



Transitive Relation and Transitive Closure

 A relation R on set X is transitive if

 Example 1: The “greater than” relation on the set of real numbers is transitive.

 Example 2: The “greater than or equal to” relation on the set of real numbers is also 
transitive. 

 Recall that when we do inequalities, we often write things like a>b>…>d.
 This is a chain of elements, any two of which (in the given order) belong to the “greater 

than” relation.

 If we can write down ALL POSSIBLE elements, we have found the transitive closure of the 
relation.

 Suppose R is a transitive relation on set X. The transitive closure of R, 
denoted by R*,is defined as 



Transitive Closure and Warshall Algorithm

 Examples of transitive closure:
1. The transitive closure of the “greater than” relation is itself.

2. The transitive closure of {(1,2),(2,3),(4,4)} is {(1,2),(2,3),(1,3),(4,4)}.

 Question: Given a transitive relation R, how can we compute its transitive 
closure R*?

 Naïve algorithm:
 Start with R*=R.

 Check each element c to see whether there is (a,b) such that (a,c), (c,b)∈ R*. If so, add 
(a,b) to R*.

 Repeat the above step until nothing more can be added to R*. 

 Analysis of Naïve algorithm:
 It definitely works. 



Transitive Closure and Warshall Algorithm

 From the above analysis, we also learn that the algorithm takes no more than 
k iterations, where k is the length of the longest chain minus 1.
 Assume the underlying set is of size N. Then the number of iterations is no more than N-2.

 Each iteration checks each a, each b, and each c, and so takes no more than N3 “steps.”

 In total, the naïve algorithm needs no more than N4-2N3 “steps.”

 To be smart and beat the naïve algorithm, we can use Warshall Algorithm. 

• Stephen Warshall (1935-2006), American 
Computer Scientist.

• Bachelor’s degree in math from Harvard, 1956.
• Never attended graduate school due to lack of 

CS graduate program at that time.
• Won a bottle of rum for proving this algorithm 

to be correct.



Transitive Closure and Warshall Algorithm

 The secret of Warshall algorithm: You don’t need N-2 iterations!
 A single iteration is enough.

 Hence, Warshall algorithm needs no more than N3 “steps.”

 But why???
 Suppose (4,2),(2,1)(1,3),(3,5)∈R. Let us see how (4,5) can be added to R*.

The Single iteration of Warshall Algorithm:
1. Check element 1 to see whether there is (a,b) such 

that (a,1), (1,b)∈ R*.
2. Check element 2 to see whether there is (a,b) such 

that (a,2), (2,b)∈ R*.
3. Check element 3 to see whether there is (a,b) such 

that (a,3), (3,b)∈ R*.
4. Check element 4 to see whether there is (a,b) such 

that (a,4), (4,b)∈ R*.
5. Check element 5 to see whether there is (a,b) such 

that (a,5), (5,b)∈ R*.

(2,3) is added, because of (2,1) 
and (1,3)
(4,3) is added, because of (4,2) 
and (2,3)
(4,5) is added, because of (4,3) 
and (3,5)

A rigorous proof (by induction) is 
your homework (but no 
rum)



Equivalence Relation and Partition

 A relation R on set X is an equivalence relation if it is reflexive, 
symmetric and transitive.
 Example 1: Congruence relation is an equivalence relation.

 Example 2: The “greater than” relation is not an equivalence relation.

 Example 3: The “greater than or equal to” relation is not an equivalence relation either.

 Theorem: An equivalence relation R on set X provides a partition of X.

A partition of X is a set of subsets of X, 
such that:
• Any two of these subsets are disjoint;
• The union of all these subsets is X.

Example: X={0,1,2,3,4,5,6,7,8,9}; A partition of X:



Equivalence Relation and Partition

 Theorem: An equivalence relation R on set X provides a partition of X.

z
x x’

y
y’

p p’



Equivalence Relation and Partition

x

p*

Each element of the partition (also a subset of X) is called an 
equivalence class. 



Equivalence Relation and Partition

 Example 1: A congruence relation is an equivalence relation. Residue classes 
are its equivalence classes.

 Example 2:

{1/n}, {2/(2n+1)} 
are in the same 
equivalence class.

{1/2n} shrinks 
faster and thus is 
in a difference 
equivalence class.



Functions

 We have learned the following definition in high school:

 Using the language of relations we just learned, we can rewrite it:

This is the third 
definition of 
function, after the  
two taught in middle 
school and in high 
school, respectively. 



Functions

 A function f:A→B is one-to-one (i.e., not one-to-many) if for any x,y∈A
(x≠y), f(x) ≠ f(y).

 A function f:A→B is onto if the range of f is B.

 A function is a bijection if it is both one-to-one and onto.

Examples (all domains being natural number set):

What does this function do?

3 4

1 2

5 6

… …



Inverse and Generalized Inverse Function

 If a function is a bijection, then it has an inverse function.

 If a function is not a bijection, then it does not have an inverse function, 
but we can often define a generalized inverse function:

Example: In linear algebra, a matrix A can be 
viewed as a linear transformation/function that 
maps each vector to another vector. Its inverse 
matrix, if there is one, represents the inverse 
transformation. However, when the matrix is 
singular, we can define its generalized inverse 
matrix as a matrix G such that AGA=A. 

Not one-to-one?
• Use one of the 

preimages 

Not onto?
• Assign values for 

points outside the 
range

f

f-1

f

f-1

For any x in the image 
space of A, AGx=x. So 
Gx is a preimage of x.

For any vector x 
outside the image space 
of A, Gx is defined.



Composition of Functions

 If f and g are both one-
to-one, then h is also 
one-to-one.

 If f and g are both onto, 
then h is also onto.

 If f and g are both 
bijections, the h is 
also a bijection.

Be aware of the difference in the order 

 If h is one-to-one, then f 
is also one-to-one, but g 
may not be one-to-one.

 If h is onto, then g is 
also onto, but f may not 
be onto.

 It is possible to produce 
a bijection h with neither 
f nor g being a bijection.

f g



 In mathematics and computer science, we 
often consider functionals, which are 
essentially functions of functions. We 
say f:A→B is a functional or operator
if

 Either A is a set of functions;

 Or B is a set of functions;

 Or both A and B are sets of functions.

 Example: the differential operator

which maps a function to its derivative.

 An interesting result by Turing is that 
Lambda-calculus is Turing-complete, and 
thus any algorithm can be represented by 
functions or functionals.

Functional and Functional Programming

 Following this idea, one of the 
important programming paradigms (in 
addition to imperative 
programming/objective oriented 
programming) functional programming, is 
established.

 No variable with changing values, no 
construction/destruction of 
objects,…

 Everything is static: You just define 
functions, and functions of 
functions,…

A list reverse program in ML



From Function to Functionality

 Our typical computational task is, for a function f, given an 
input x, to find f(x). 

 This may be possible, or impossible, depending on f.

 Shortly, you are going to see it is impossible for the vast 
majority of functions.

 Even for those functions that can be computed, the 
time/space/communications needed is a big problem. 

 Usually the need for time/space/communications grows when 
the input gets bigger.

 For many functions, the need grows so fast that computing 
is simply infeasible. 

Already bad enough? No!
• While a function is always deterministic, 

sometimes we need to compute a 
functionality, which is probabilistic.  



Example Functionality

Suppose you are given an integer L. Your 
task is to generate a cryptographic key of  
L bits. In other words, your output is 
supposed to be a random variable uniformly 
distributed over the set of L-bit strings.

You are NOT computing a function, 
because the output is NOT deterministic. 

You are computing a functionality

L bits

The probability of 
the variable being 
equal to any 
specific bitstring
is always 2-L.

Set of bitstrings



Homework Assignment 1

1.

2.

3. Prove Warshall Algorithm is correct.

4.

5.



Measuring Set Size 

 Now let’s get back to sets. A simple, fundamental question: How can 
you measure the size of a set?

 Finite sets are easy---count the number of elements.

 Infinite sets are troublesome!

The integer set Z 
Vs. 

The even number set E 

|Z|>|E|, because E is a proper subset of E.

|Z|=|E|, because we have a bijection 
f: Z→E where f(x)=2x

|Z|<|E|, because we have a bijection 
g: Z→proper subset of E where g(x)=4x



Measuring Set Size 

 To resolve the problem, we think of the underlying logic.

|Z|>|E|, because E is a proper subset of E.

|Z|=|E|, because we have a bijection 
f: Z→E where f(x)=2x

|Z|<|E|, because we have a bijection 
g: Z→proper subset of E where g(x)=4x

Principle A:
A bijection 
between two sets 
means they are 
equal in size.

Principle B:
A proper subset 
is always smaller 
than the original 
set.



Measuring Set Size 

 Eliminating one of the two principles makes our life easier.

|Z|>|E|, because E is a proper subset of E.

|Z|=|E|, because we have a bijection 
f: Z→E where f(x)=2x

|Z|<|E|, because we have a bijection 
g: Z→proper subset of E where g(x)=4x

Principle A:
A bijection 
between two sets 
means they are 
equal in size.

Principle B:
A proper subset 
is always smaller 
than the original 
set.

Invalid for 
infinite sets



Modifying the Principle

 To deal with infinite sets, we modify Principle B slightly.

Principle A:
A bijection 
between two sets 
means they are 
equal in size.

Principle B:
A proper subset 
is always smaller 
than the original 
set.

Invalid for 
infinite sets

New Principle B:
A proper subset is always 
smaller than, 

or equal in size to,
the original set.

Good for 
infinite sets

While finite sets are always bigger than their 
subsets, infinite sets can be (in fact, MUST be---
WHY?) equal in size to some of their subsets, just 
like |Z|=|E| which we discussed.



Modifying the Principle

 To deal with infinite sets, we modify Principle B slightly.

Principle A:
A bijection 
between two sets 
means they are 
equal in size.

New Principle B:
A proper subset 
is always smaller 
than, or equal in 
size to, the 
original set.

New Principle B’:
A one-to-one 
function means 
the domain is 
smaller than, or 
equal in size to,
the codomain.

We are going to measure the size of 
infinite sets using Principles A and B’.



Cantor Theorem

 Before measuring the size of any infinite set, we want to make sure that NOT 
all infinite sets are equal in size. Fortunately, we have the following 
theorem:

Example 1:
S={1,2,3}
2S={φ,{1},{2},{3},{1,2}
,{1,3},{2,3},{1,2,3}}

Example 2:
N={natural number}
2N={set of natural numbers}

• Georg F. L. P. Cantor (1845-
1918), German mathematician.

• Born in St. Petersburg, 
Russia.

• Ph.D., University of Berlin



Cantor’s Diagonalization

 How can we prove Cantor Theorem? 

 We need to show there is no bijection between S and 2S.

 We are going to assume there is a bijection f:S→2S, and find a contradiction. 

Imagine we list 
all elements of S 
here (which could 
be impossible for 
infinite sets)

1 2 3 4 …

1

2 Y

3

4 N

…

Imagine we list all elements of S here (which 
could be impossible for infinite sets)

Means 3 is in 
subset f(2)

Means 4 is NOT 
in subset f(4)



Cantor’s Diagonalization

1 2 3 4 …

1 Y

2 N Y

3 Y

4 N

…

N Y N Y Make a new subset by negating 
every entry on the diagonal!

This new subset is not equal 
to any f(x) because it differs 
from every row of the table.

Contradicts the assumption 
that f is a bijection and thus 
onto.



The Formal Proof 

This proof does NOT rely on the 
existence of the table, or on the 
possibility of listing all elements of S.



Real Numbers are Uncountable

 We say a set is countable if it is as large as any subset of natural numbers.

 If the set is also infinite, then we say it is countable infinite.

 Any set that is not countable is an uncountable set.

Exercise: Prove the set of real numbers is uncountable.



The Main Idea

 Step 1: Represent each real number by a sequence of digits. 

Exercise: Prove the set of real numbers is uncountable.

1 2 3 4 . 5 6 7 8 7 8 7 8 …

5 4 6 3 7 2 8 1 7 0 8 0 7 8 0 …

1 2 3 4 . 5 6 7 8 7 8 7 8 …

5 4 6 3 7 2 8 1 7 0 8 0 7 0 8 …

• Digits to the left of the decimal 
separator are stored in the even number 
indexed positions

• The order of digits is reversed.

• Digits to the right of the decimal 
separator are stored in the odd number 
indexed positions

• The order of digits is kept.

The representation is clearly unique. 
(There is a small chance of being not unique… but we ignore 
it throughout this course. You can think of how to fix this 
issue by yourself.)



The Main Idea

Exercise: Prove the set of real numbers is uncountable.

 Step 2: Apply Cantor’s diagonalization. 

n
The sequence representation of f(n)

1

2

3

4

5

6 different
different

Construct (the sequence 
representation of) a real 
number that differs from 
every row in the subset

If real numbers 
are countable, 
then there is a 

bijection f from 

a subset of 
natural numbers 
to the set of 
real numbers.

Contradiction!



The Formal Proof

Proposition: the set of real numbers is uncountable.



Measuring Set Size

 Recall our principles for measuring set size: we say set A is smaller than 
or equal to set B in size, if there is a one-to-one function from A to B. 
Formally, we write |A|≤|B|.

 We say set A is as big as set B, if there is a bijection from A to B. 
Formally, we write |A|=|B|.

 We say set A is smaller than set B in size, if there is a one-to-one 
function, but definitely no bijection, from A to B. Formally, we write 
|A|<|B|. 

 If there is an onto function from A to B, 
then A is bigger than or equal to set B in 
size. Formally, we write |A|≥|B|. 

 Because, as illustrated, if you have an onto 
function from A to B, you also have a one-
to-one function from B to A.

A B

A B



Cantor-Bernstein Theorem

 In elementary algebra we learned that if a≤b and b≤a, then a=b. Is this 
true for set sizes? Yes!!!

 Felix Bernstein (1878-1956)

 German Jewish mathematician from an academic family 
(father being a successful physiologist)

 Ph.D, Gottingen (Advisor: David Hilbert)

 Involved in politics during Weimar republic, but 
when Hitler went into power, he was persecuted and 
had to flee.

 In addition to his great contributions to 
mathematics, he had a groundbreaking result about 
the inheritance pattern of blood group.



Cantor-Bernstein Theorem

 Why is it true? Because it is a special case of Banach Theorem below.

A0

A1 B0

B1

 Stefan Banach (1892-1945): Polish mathematician

 Became a lice feeder during WWII.

 Died after the war, but before he could return to University.



Banach Theorem Implies Cantor-Bernstein Theorem

A0

A1 B0

B1

bijection from A0 to B1

bijection from B0 to A1

Reverse!
bijection 
from A to B

Applying Banach Theorem 
to the two one-to-one 
functions

A rigorous proof  is your homework



But Why Is Banach Theorem Valid?

 What does the theorem say?

 Given an element of A (or B, respectively), we can put it in one of the two 
subsets: subset of preimages– A0 (or B0, respectively), and subset of 
images – A1 (or B1, respectively).

 When we apply the function to the preimages in one set, we arrive at 
images in the other set.

 Looks quite easy! Except…

 If an element does not have any preimage, we 
have to place it in the subset of preimages.

BA

g(B)

Has no preimage, 
must be in A0



But Why Is Banach Theorem Valid?

 Consider elements placed in A0 (respectively, B0) for having no preimage.

 Their images must be placed in B1 (respectively, A1).

 Some elements of A (respectively, B) may “lose” 
their preimages in this way.

BA

Lose its preimage

Placed in A0
Placed in B1

f

g Again, we have to place them in A0 (respectively, 
B0) for having no preimage.

 Again, their images must be placed in B1
(respectively, A1).

Will repeat again and again…



But Why Is Banach Theorem Valid?

 After many (possibly infinite) repetitions, can we exhaust all elements of 
A and B ?

 No! There could be elements left.

 How can we deal with them?

BA

Which subset to 
assign? Not 
decided yet.

Already 
assigned 
to subset

f In particular, how can we deal 
with those whose images have 
been assigned to subsets?

We assign their preimages

to A0 or B0

Discovery:

These images must have been assigned 
to A1 or B1, because they have NOT lost all their preimages.



But Why Is Banach Theorem Valid?

 Once we assign an element to A0 or B0, 
its preimages should go to A1 or B1
 And their preimages should go to A0 or 
B0

 And the latter elements’ preimages 
should go to A1 or B1

…

…

…
…

B0
A0

Again, we repeat and repeat… and get a number
of “trees”
• “Edges” are between A0 and B1 , or between A1

and B0

A1 B1

Start 
here



But Why Is Banach Theorem Valid?

 After this second round of many (possibly infinite) repetitions, can 
we exhaust all elements of A and B ?

 No! There could still be elements left.

 Good news: These remaining elements have all their 
images in the same category.

 Just need to put all remaining elements of A in A0, 
and all remaining elements of B in B1. 



The Formal Proof (1)



The Formal Proof (2)



The Formal Proof (3)



Intervals are as Large as Real Number Set

Exercise: Let a<b be two real numbers. Prove the interval 
[a,b] is as large as R, the entire set of real numbers.

Recall intervals are subsets of real numbers.



Intervals are as Large as Real Number Set

 First, obviously |[a,b]|≤|R|. So all we need is |R|≤|[a,b]|.

 But how can we prove |R|≤|[a,b]| ? Finding a one-to-
one function from R to [a,b] does not seem so easy.

 Essentially we are compressing a line with no end
to a line segment with two ends. How could this be 
possible? 

 Given the above seemingly hard problem, we turn to 
an easier variant: How about compressing a line 
with no end to a ray with one end ?

 Yes, we have an idea for this variant.

 We break the line into many segments 

 We designate a “center” of the line.

 We reassemble segments into a ray by picking 
one from the left, one from the right, and 
then another from the left, another from the 
right… 

……

… …

…

center



Intervals are as Large as Real Number Set

 Now our remaining task is to further compress a ray with one end to a line 
segment with two ends. How can we do this?

 Fortunately, we already know a one-to-one function that does this!

h(x)=1/x is a one-to-one function from [1,∞) to (0,1]

And scaling from (0,1] to any interval is easy! 



The Formal Proof



Revisiting Power of Set

 Recall X×Y, the Cartesian product of X and Y, is simply the set of ordered 
pairs where the first component is from X and the second is from Y. 

 If X=Y, we write X×Y as X2, and call it the square of X.

 Similarly, we can define X3, the cube of X.

 For any natural number n, we can define Xn, the nth power of X.

 Example 1: For real number set R, R2 is the set of Cartesian coordinates in a 
plane; R3 is the set of Cartesian coordinates in the (3-dimensional) space; Rn

is the set of Cartesian coordinates in the n-dimensional space. 

 Example 2: For real number set R, Rn can also be viewed as the set of vectors 
in an n-dimensional linear space. 

Do NOT confuse the powers of a set with its power set! 



Power of Real Number Set

Exercise: Prove the Cartesian product of a countable number of 
real number sets is as large as the real number set.

Given that Rn is the set of vectors in an n-dimensional linear space, we go 
one step further: consider the set of coefficient vectors of polynomials, 
which forms an infinite dimensional linear space. 

This set, which we write as R∞ , is the Cartesian product of a countable
(why?) number of real number sets. 



Power of Real Number Set

 The problem itself may not look the easiest to you. (Neither to me.)

 How about making it easier and considering Rn in stead of R∞ ?

 How about making it even easier and considering R2 first ?

 So we get a set of ordered real number 
pairs, and want to establish a one-to-one 
function from this set to the set of real 
numbers. How could this be doable?  Suddenly we realize |R|=|[0,1)| .

 Hence, to show |R2|=|R|, it 
suffices to show |[0,1)2|=|[0,1)|. 

 We construct f, a one-to-one function 
from [0,1)2 to [0,1), by taking digits 
from each component in turn. 

a=0. 1 1 0 1 0 …

b=0. 0 1 0 0 0 …

f(a,b)=0. 1 0 1 1 0 0 1 0 0 …



Power of Real Number Set

 Extending the above proof from R2 to Rn is easy (How?).

 But we can’t easily extend it to R∞ .

In particular, it is wrong to say the proposition holds for every Rn and so 
we can let n grow to infinity and take the limit.

There is NO guarantee that 

Analogy: For S={1,2,…,n}, we always have |S|≠|S∪{*}|.

But we can’t let n grow to infinity and claim |N|≠|N∪{*}|.



Power of Real Number Set

 To show |R∞|=|R|, again we attempt to show |[0,1)∞ |=|[0,1)|. 

 Our goal is to construct a one-to-one function from [0,1)∞  to [0,1).

 Since there are infinitely many (but still countable) real numbers in the 
input of the function, we can’t take digits from each in turn (why not?)

 However, we can take digits in the diagonal direction.

0. 2 1 2 1 2 1 …

0. 3 4 5 6 7 8 …

0. 0 9 0 0 0 0 …

0. 4 1 4 1 1 4 …

0. 9 8 7 9 8 9 …

0. 2 3 0 0 0 1 …

0. 3 2 3 4 3 6 …

Input of 
function 

Function output:
0.2132401…



Power Set of Natural Number Set

Exercise: Prove the power set of natural number set is as large as 
the real number set in size, i.e., |2N|=|R|.

Recall that, by Cantor Theorem, the power set of natural number set must be 
larger than the natural number set in size, i.e., |2N|>|N|.

How large is this power set precisely?



Power Set of Natural Number Set

 Idea 1: We can show |R|≤|2N| by constructing a one-to-one function f from 
[0,1) to 2N.

 Simply write any real number in [0,1) in an appropriate binary form and 
then use the nth bit as an indicator of whether n belongs to a subset.

1 0 1 1 0 0 0 …x=0.

f(x)={1,         3,    4,                     …}



Power Set of Natural Number Set

 One might suspect the function f is actually a bijection and thus we get 
|R|=|2N| directly. 

 Unfortunately, f is NOT onto, because we do not have any what-I-call“full
tail subset” as our image.

1 0 1 1 1 1 1 …x=0.

f(x)={1,         3,    4,    5,    6,   7,   …}

A “full tail subset” like 
this  contains all natural 
numbers starting from somewhere 
(in this case, 3) 

So if it is an image, 
its preimage must be a 
real number ending with 
111…

But a real 
number ending 
with 111… does 
not really exist
in our sense

It does not really 
exist because we 
should consider 
0.11 in stead



Power Set of Natural Number Set

 The above problem appears in another form if we attempt to establish a one-
to-one function g from 2N to R (by reversing f above).

 We will see different subsets of natural numbers are mapped to the same 
real number. 

 Just like g({2, 5,6,7,…})=0.0100111…=0.0101=g({2, 4}).

 How can we avoid this?

 Idea 2: Use a subset of 2N as the domain of the one-to-one 
function, so that this would never happen.
 Use 2E as the domain, where E is the set of even numbers.

 Since 2E does not contain any “full tail subset,” g is a one-to-one 
function from 2E to R.

 Furthermore, 2E is as large as 2N (why?).



Homework Assignment 2

1. Suppose S is a countable set. Prove that the set of finite subsets of S is 
also countable.

2. Write a formal proof of Cantor-Bernstein Theorem using Banach Theorem.

3. In the proof of Banach Theorem, we assume A is disjoint from B. Please 
extend the proof to cover the case in which A intersects B. 

4. Let S={f|f:N→N}, where N is the set of natural numbers. Is S countable? 
Prove your answer.

5. (Evan Chen, The OTIS Excerpts, 2019) Find the definition of Hamel basis from 
a book or a website. Prove that a Hamel basis has uncountably many elements.

6. (James Munkres, Topology) Denote by Z+ the set of all positive integers. 
Suppose X is the set of functions from Z+ to {0,1}; Y is the set of 
countable subsets of X. Prove that |X|=|Y|.



Partial Order

 Recall we have learned relations, and equivalence relations, a specific type of 
relations.

 Now we study another type of relations, called partial orders.

 If R is a relation on set A, and R is reflexive, antisymmetric, and transitive, 
then R is called a partial order. 

 Example 1: R={(1,1), (2,2), (3,3), (4,4), (2,3), (2,4), (3,4)} is a partial order 
on set A={1,2,3,4}.
 We often use the symbol       for partial order, like writing      

 We can also write it in the other way using         , like writing









Partial Order

 R being transitive means 

which are quite similar to the elementary inequalities we are familiar with.

 But bear in mind that, unlike elementary inequalities, partial orders do not 
require everything to be comparable with everything. 

 In the example in last page,   



Partial Order

 Example: Consider a non-empty set S. We can define a partial order on its 
power set 2S :  

 It is a partial order because it is reflexive, antisymmetric and transitive. 

 Clearly, not every pair of elements of 2S is comparable. For example, if a 
and b are two distinct elements of S, then S-{a} and S-{b} are not 
comparable. 

 If you compare the two special types of relations we have studied, 
equivalence relations and partial orders, you can find: They are both 
reflexive and transitive, but equivalence relations are symmetric while 
partial orders are anti-symmetric.

 So an equivalence relation divides things into equivalence classes, while 
a partial order ranks them (incompletely).



Bounds and Extreme Values

 Given a partial order set (a set and a partial order on the set)         , 
we can define bounds and extreme values:

B

Lower 
bounds

Upper 
bounds

tight



Bounds and Extreme Values

 Closely related to bounds are extreme values.

B

Everything Else

B

Some

Others (not comparable)
maximumminimum

maximalminimal



Bounds and Extreme Values

 Clearly, an upper/lower bound and maximal/minimal is a maximum/minimum.

 So we just need to distinguish upper/lower bound from maximal/minimal.

 Example: Construct a partial order set         satisfying the following 
conditions:

• A has a subset B.

• B has infinitely many upper bounds and infinitely many maximals.

• Any upper bound of B is not a maximal.

• Any maximal of B is not an upper bound.



Bounds and Extreme Values

B……

(1,2)
……

(2,2)(3,2)(4,2)

(1,1) (2,1)(3,1)(4,1)



Total Order and Well Order

 Often, a partial order is not “good” enough because elements may not be 
comparable with each other.

 If every pair of elements are comparable, then the partial order becomes 
a total order. 

 Example 1: The natural order on interval [0,1] is a total order.

 Example 2: In contrast, the subset relation on a power set is usually not
a total order. 

 Sometimes, even a total order is not good enough.
Example: The natural order on interval [0,1] is not 
so good.

 It allows infinite descending sequences, which 
would cause many proofs, in particular those 
using the approach of infinite descent, to 
fail.



Infinite Descent

 Example (USAMO 1976-3) Determine all integral solutions of



Infinite Descent

Note that we really need these to be positive integers. If they were just integers, 
or just real numbers, then our proof would fail. 
 Indeed, if we didn’t exclude the case of z=0 at the beginning, we would have a 

solution (0,0,0), and thus could not derive any contradiction.
 If we allowed the range of z to be the entire real number set, we would have 

many more solutions. 



Well Order

 The kind of order we prefer is well order: A total order on set A is a well 
order if every non-empty subset of A has a minimum.

 Example: The natural order on the real number set, on the integer set, or 
on interval [0,1], is not a well order.

 Example: The natural order on the positive integer set is a well order. 
(This is called the Well Order Principle.)



Well Order

U(x) maximum = M minimum = N



Well Order

U(x) M x



Well Order

 Now try this easier problem…



Well Ordering Theorem

 Ernst Zermelo (1871-1953), German mathematician and 
logician.

 Ph.D, Berlin University. Habilitation, Gottingen 
University.

 In Hilbert’s  23 problems, the first is Continuum 
Hypothesis (CH). Hilbert stated in the first International 
Congress of Mathematics that solving CH requires proving 
the Well Ordering Theorem.

 Zermelo proved the Well Ordering Theorem in 1905, but most 
mathematicians were not excited.

 Zermelo presented his axiomatic set theory in 1908, the 
improved version of which later became the foundation of 
today’s mathematics.

 A fundamental result (sometimes also called Well Ordering Principle) about 
well ordering was first proved by Zermelo. 



Axiom of Choice (AC)

 Why weren’t mathematicians so happy with Zermelo’s proof? Because it was 
based on the following axiom:

 (Axiom of Choice) For any set X of non-empty sets, there exists a choice 
function f such that for all S∈X, f(S) ∈S.
 Intuitively, f(S) is what we choose from set S.

 Many mathematicians feel that AC is not necessary and/or should not be used. 

 While choosing an element from each of n sets is doable, is it really 
possible to do this to infinitely many sets (i.e., when X is infinite)?

 Note that X can be really really large… larger than the set of real 
numbers, larger than its power set, larger than its power set’s power 
set… You can’t enumerate the sets in X. How can you choose from them???



Axiom of Choice (AC)

 In fact, AC is not only the foundation of Well Ordering Theorem. It is also 
implied by it. (Why?)

 Hence, AC is equivalent to Well Ordering Theorem.

 Mathematicians debate on the use of AC. Based on whether AC is used, the 
foundation of modern mathematics could be:

 Zermelo-Fraenkel (ZF) Axioms. Or,

 Zermelo-Fraenkel Axioms with Choice (ZFC). 

 Abraham Fraenkel (1891-1965), Jewish mathematician.

 Ph.D, University of Marburg.

 Improved Zermelo Set Theory and proved its 
consistency.

 As a Zionist, moved to Israel and later worked as 
Rector of Hebrew University of Jerusalem.



Ordinals

 Suppose we are happy with AC. Then we can use Well Ordering Theorem to 
establish a well order on any set.

 Intuitively, this means we could “enumerate” all elements of the set, even 
if it were not countable.

 Imagine all these elements (uncountably many of them!) are sorted in a 
line, because they are well ordered…

… …

 Equivalently, imagine we have labels 0, 1, 2, 3, …

 We start with the minimum of the set (which is guaranteed to exist) and 
label it with 0.

 Remove the above element, and find the minimum of the remaining subset. 
Label it with 1.

 ...

 Finally, we should be able (??) to label all elements, because there is a 
well order.



Ordinals

 Question: What labels do we use to for the elements of a possibly 
uncountable set? Natural numbers could be very far from enough. 

 Answer: After all natural numbers, we use a symbol ω. Then we have ω+1, 
ω+2, …  

 After all these, we have ω•2, ω•2+1, ω•2+2, …

 After ω•3,…, ω•4, …, …, we have                           . （Are we done now, if we are labeling 
the real number set ?)

 We even have 
 Don’t panic; they are considered “small” by mathematicians.

 All these labels used are called ordinal numbers (ordinals).



Ordinals

 Question: What is ω? Does it have any meaning? Are we abruptly adopting an 
arbitrary symbol as the label immediately following all natural numbers?

 Answer: Yes, an axiomatic theory of ordinals is available (but we don’t 
have time to study it in details), in which a formal definition of ω is given.
 Formally, we define ω as the natural number set. (Here the natural 
number set starts with 0, not 1.)

 The next ordinal ω+1 is defined as {0,1,2,…, ω}.
 Every infinite ordinal is defined as the set of all previous ordinals.
 Similarly, every natural number is defined as the set of all natural numbers prior to 

itself.
 Then what is 0, which all the definitions depend on? Well, 0 is just the empty set.
 So the ordinals look like:   
 One ordinal is less than another if and only if the former is an element of the latter.



Ordinals

 Generally speaking, there are two types of ordinals:

 Limit Ordinals, just like ω, NOT having immediate predecessors;

 Successor Ordinals, just like 2 or ω+5, having immediate predecessors.

They correspond to the two types of elements in a well ordered set. (Still 
remember what we proved as an exercise?)

 But both types of ordinals have immediate successors, absolutely.

 Hence, we always see: a limit ordinal(0), followed by a bunch of successor 
ordinals (1,2,…); another limit ordinal (ω), followed by a bunch of 
successor ordinals (ω+1, ω+2, …); yet another limit ordinal (ω•2)…



Ordinals

 Ordinals are great inventions, because, as we will see, they allow us to 
“enumerate” elements of infinite, even uncountable, sets, and thus prove 
many interesting propositions.

 In fact, we can prove, in ZFC, that every well ordered set is order isomorphic 
to an ordinal.

 Formally,

So every set “is” an ordinal, and its elements “are” smaller ordinals, 
in some sense.

 Another point to notice: The collection of all ordinals is a proper class, NOT 
a set. (Why?)



Ordinal Arithmetic

 We extend the arithmetic of natural numbers to ordinals.

 α+β means “after α, count to the βth element.”

 α•β means “count to α for β times.”

 (if β is a natural number) means “the product of β copies of α.”

 …

 In ordinal arithmetic, addition is NOT commutative (Why NOT?);

 But it is associative.  

 Similarly, multiplication is NOT commutative (Why NOT?) , 

 But again, it is associative.



Ordinal Arithmetic

 More rules for ordinal arithmetic:



Ordinal Arithmetic



Ordinal Arithmetic

 Now you are familiar with ordinal arithmetic, and so let’s try a more 
challenging problem.



Ordinal Arithmetic

0
……

1 2 3 α
……

α +1 α +2 α +3

0
……

1 2 3



Ordinal Arithmetic

NOT a regular math induction!



Ordinal Arithmetic

Similar to the third point

NOT a regular math induction!



Cardinals

 The introduction of ordinal numbers lead to the introduction of another type of 
“numbers”called cardinal numbers, or cardinals.

 A cardinal is an ordinal such that any of its prior ordinals are not as large as 
itself in size.
 In other words, it is impossible to establish a bijection between an ordinal 
and a cardinal after it.

 Example: 
 ω={1,2,…} is the first infinite ordinal, and thus no prior ordinal (which is finite) can be as 

large as ω. Consequently, ω is a cardinal.  
 In contrast, ω+1 is not a cardinal, because ω is as large as ω+1 (Why?). 
 Similarly, ω•2 is not a cardinal either (Why not?).

 We can prove that every set is as large as a unique cardinal. Hence, we can view this 
cardinal as a representation of the set size. 
 The cardinal is called the cardinality of the former set. Hereafter, we no longer talk 

of “set size” (which is not formally defined). In stead, we talk of cardinality and use 
the notation |S| for the cardinality of set S.



Cardinal Arithmetic

 Although cardinals are, by definition, ordinals, we can do a completely 
different type of arithmetic on cardinals. 

 For this reason, we often use different notations for the same set as an 
ordinal and as a cardinal.

 For example, ω is the symbol we use for the first infinite ordinal. But when it is 
considered a cardinal, we use        in stead.

 They represent the same set, but any arithmetic operation on ω is an 
ordinal operation, while any arithmetic operation on            is a cardinal 
operation.

 Suppose A and B are cardinals. 
 A+B means the cardinality of their union if disjoint.

 AB means the cardinality of their Descartes product.

 means the cardinality of the set of functions from B to A.

DO NOT confuse them with similar operations in ordinal arithmetic! 
For example, 



Cardinal Arithmetic

 Therefore, addition and multiplication are both commutative and associative 
(Why?) 

 Multiplication distributes over addition. (Why?)

 More rules:



Cardinal Arithmetic

 The first idea: Break symmetry. Without loss of generality, assume A is the 
bigger of the two cardinals. Then we know A is infinite and our job is to 
show A+B=A.

 The second idea: It suffices to show A+A=A (and so we can remove B, which is 
a pretty arbitrary cardinal, from our consideration).

 The third idea: Our life would be much easier if we were dealing with a 
concrete infinite set A. 

 For example, if A=      , we would solve the problem easily. (How?)



Cardinal Arithmetic

 The fourth (bad!) idea: Infinite sets are either of cardinality     or 
bigger. In the latter case, simply decompose the bigger set into many 
smaller sets, each of cardinality      . 

 Then we seem to be done. (Why?) 

 Problem with this idea: It is unclear why we can decompose larger 
infinite sets into many sets of cardinality       .

 If you did a proof along this line, it would probably become a proof with 
a gap, maybe even become a pseudo proof.  

 To fix the problem, we can look for a set in the form          ,whose 
cardinality is equal to A.

 If we find such a set successfully, we are done. (Why?)



Cardinal Arithmetic

 But how can we guarantee to find such a set?

 First, we note that         .

 Since both of them are ordinals, A must be an initial segment of         .

……Ordinals: ……

A, an initial segment

……Elements
Of           :

……

an initial segment

Order Isomorphism

 For any well order we define on         , there is an order isomorphism 
between        and           .

 Choosing the above order carefully (Homework), we can make sure the 
initial segment in       corresponding to A is almost the set we want. 



Transfinite Induction

 Now forget about cardinals and their arithmetic (temporarily). We need to 
revisit an important issue—the somewhat unusual induction, which we used in 
a couple of proofs. 

 For example, this:

 Here β is an ordinal, which means our induction goes well beyond natural numbers.
 After natural numbers, it goes to ω, ω+1, ω+2,…
 It goes to                        , …, and even uncountable ordinals.
 But the principle is not different from the mathematical induction we learned in high 

school—we prove our proposition for an ordinal based on the assumption that it holds for 
all previous ordinals. 

 Let’s look at the proof of an important lemma, which hopefully demonstrates how this 
(called “transfinite induction”) works.



Zorn Lemma

 The following lemma is equivalent to Axiom of Choice and also Well Ordering 
Theorem:

 (Zorn Lemma) Suppose a partial order has been established on set S. If every 
chain has an upper bound, then S has a maximal. 

A chain is a subset that is 
totally ordered.

“The axiom of choice is obviously true, the well-ordering 
principle obviously false, and who can tell about Zorn's lemma?”

-Jerry Bona(1945-), American Mathematician
PhD, Harvard University; Professor, UIC.

• Max Zorn (1906-1993), German-American 
Mathematician

• Though not a Jew, he was forced to 
flee Germany by Nazi.

• Proposed the Lemma while a Sterling 
Fellow at Yale University.

Well Ordering Theorem

https://en.wikipedia.org/wiki/Zorn's_lemma


Proof of Zorn Lemma

 Summary: We prove a 
proposition about an 
arbitrary ordinal, by 
proving three things:

1. It holds for ordinal 0;

2. It holds for a successor ordinal if it holds 
for all previous ordinals;

3. It holds for a limit ordinal if it holds for 
all previous ordinals.



Further Example for Transfinite Induction

Exercise:

white

white

white

white
white

white black

black

black

N



Side Note: Generalized Continuum Hypothesis

 Generalized Continuum Hypothesis (GCH) is an extension of Continuum 
Hypothesis (CH), No. 1 of Hilbert’s famous 23 mathematical problems.

 In 1964, Cohen proved that CH is 
can’t be proved in ZFC.

 In 1940, Godel proved that CH is 
can’t be disproved in ZFC.

Theorem: CH is independent of ZFC.

Kurt Godel (1906-1978), 
logician, mathematician and 
philosopher. Proved his famous 
Incompleteness Theorems at 25.
See 王浩《哥德尔》.

Paul Cohen (1934-2007), 
American Jewish 
mathematician. Received 
a Fields Medal in 1966.



Further Example for Transfinite Induction

 The original version of this problem, which appeared in USAMO 2002, involved 
a finite set S only. 

 The proof was a straightforward one by induction.

white

white

white

white
white

white black

black

black

N

Subsets 
Containing a

All black

Subsets Not 
Containing a



Further Example for Transfinite Induction

Too many white sets 
needed! Can’t apply 
induction hypothesis 
directly.

But that means the 
number of black 
sets is not too big.

We just find a coloring 
with “that number”of
white sets, using 
induction hypothesis.

And then reverse the 
color…



Further Example for Transfinite Induction

 However, when we think of the general problem (with S being possibly 
infinite), the proof breaks down! 

Nevertheless, m+1 being infinite 
implies that m=m+1.

The proof works for cardinality m+1 based on a 
hypothesis about cardinality m.

Working this way, you would never
reach even the first infinite 
cardinality.



Further Example for Transfinite Induction

 So we really need to deal with infinite cardinalities in a different way!

 Good news: Jumping from one infinite cardinality to another 
is relatively easy.

white

white

white

white
white

white black

black

black

N
All 
black

mא m+1א



Further Example for Transfinite Induction

 The remaining case

1 0 0 0 1 1 0 1f(T)=

T  =   {1,  3,   4,   8 }

 Summary: Sometimes we don’t have to prove it for all 
ordinals, but just part of them. Be flexible when needed!



Homework Assignment 3 

1.

2. Prove that the union of countably many countable sets is countable.

3. Prove that A+B=max{A,B} for cardinals A and B where at least one of them is 
infinite.

4. (Maximal Principle) We say a chain is a maximal chain if it is not a subset 
of any other chain. Prove that each chain must be a subset of a maximal 
chain. 

5. Do all cardinal numbers form a set, or a proper class? Prove your answer.

6. Find a theorem about finite sets and study whether it can be extended to 
infinite sets.
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